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Overview 

 

The goal of this project was to implement the Isosurface Stuffing Algorithm which 

constructs a 3-D tetrahedral mesh from a signed distance function defining a surface.  

The algorithm is fast and provides three mathematical guarantees: the tetrahedra have 

good dihedral angles, the boundary of the mesh is close to the zero-surface, and provided 

the surface is a smooth manifold with bounded curvature and the BCC grid is fine 

enough, the mesh boundary is homeomorphic to the zero-surface.   

 

The algorithm comes in two parts: one that builds a mesh of uniform-sized tetrahedra and 

another that improves this algorithm by “grading” the tetrahedra, creating larger 

tetrahedra in the center of the mesh while keeping the surface resolution fine and 

uniform.  Project 1 implemented the first part and Project 2 completes the second part of 

the algorithm.  The algorithm was implemented in C++ and OpenGL. 

 

 

Uniform Tetrahedra Algorithm 

 

A body centered cubic (BCC) lattice is constructed over a known, finite region 

completely surrounding the surface (Figure 1 – Left).  The algorithm relies on a signed 

distance (or “cut”) function that is positive inside the surface, negative outside the 

surface, and zero on the surface.  The algorithm first selects a subset of lattice vertices 

that are either inside the surface or are connected by an edge to a vertex in the surface. 

 

Next, iterative bisection is used to compute approximate intersection points (called “cut” 

points) where edges intersect the surface.  In the event that a cut point is too close to a 

lattice point, the lattice point is warped to the cut point and the cut point is then 

discarded.  The paper contains a table with different distance percentages for determining 

if a cut point is “too close” to a lattice point.  Each distance percentage is useful for 

specific angle guarantees of the output mesh (such as minimum dihedral angle, max 

exposed plane angle, etc.).  I chose the percentages to guarantee a good dihedral angle 

lower bound. 

 

Each BCC lattice tetrahedron that is either completely inside the surface, or partially 

inside the surface, is “stuffed” with other tetrahedra from pre-computed stencils.  Each 

stencil contributes one to three tetrahedra to the output mesh (Figure 1 – Right).  There 

are 12 different stencils for different scenarios of BCC tetrahedra, taking into account 

vertex sign (+, -, 0) and long vs. short lattice edge length.  Each stencil may be rotated or 

reflected to fit a BCC tetrahedron, thereby reducing the distinct cases from 81 to 12.  A 



few stencils are subject to a “Parity Rule” that helps to break symmetrical cases where a 

quadrilateral face must be split arbitrarily via a diagonal. 

 

 
 

Figure 1.  (Left) A BCC Lattice is constructed over a bounding box that surrounds the 

given spherical surface (shown in blue).  “Cut” or intersection points with the surface are 

computed (shown in green).  The lattice is then warped to the cut points if the cut points 

are too close to the lattice points.  Note that the resolution of the BCC lattice shown here 

is coarse for illustrative purposes.  (Right) A cutaway view of the uniform tetrahedral 

mesh. 

 

 

Graded Tetrahedra Algorithm 
 

The algorithm takes as input the approximate width of tetrahedra in the output mesh, 

which translates to the leaf octant width of the octree.  Starting from a leaf octant known 

to be on the surface, we use depth first search over the space of leaf octants to find the set 

of all octants that intersect the surface (Figure 2 - Left).  We use a hash table of octants 

keyed on their 3D coordinates to optimize the search.  Additional leaf octants are added 

to this set according to the Continuation Condition.  This will add octants that are 

adjacent to octant faces and corner vertices that intersect the surface, guaranteeing that 

only BCC tetrahedra will intersect the surface (Figure 2 – Right). 

 



 
 

Figure 2.  (Left) Depth first search for all leaf octants that intersect the surface.  (Right) 

After the Continuation Condition.  Note that the grid resolution is coarse for illustrative 

purposes. 

 

Next we build an octree whose octants are the leaf cubes and their ancestors (Figure 3 – 

Left).  The octree is kept sparse by allowing a parent octant to have any subset of its eight 

children.  The algorithm only accounts for tetrahedra that can bridge octants differing by 

a factor of two (between both parent/child and adjacent octants).  Therefore, we enforce 

the Weak Balance Condition to create octants where this is in violation (Figure 3 – 

Right). 

 

 
 

Figure 3. (Left) Building an octree from the leaf octants.  Leaf octants are displayed in 

gray and all ancestors in magenta.  (Right) After the Weak Balance Condition – octants 

added to ensure adjacent octants only differ by a factor of two. 

 



We convert the balanced octree to a “background grid” comprised of BCC tetrahedra and 

three new types of tetrahedra: bisected BCC tetrahedra, quadrisected BCC tetrahedra, and 

half pyramid tetrahedra (Figure 4).  These new types support the bridging of octants that 

differ by a factor of two.  The conversion process to a background grid accounts for all 

combinations of adjacent octants, outputting the appropriate types of tetrahedra.  The 

primary goal is to allow only BCC tetrahedra to intersect the surface so they can be 

stuffed by the stencils in the uniform algorithm. 

 

 
 

Figure 4.  A cutaway view of the background grid comprised of BCC tetrahedra, bisected 

BCC tetrahedra, quadrisected BCC tetrahedra, and half pyramid tetrahedra. 

 

The final stage is nearly identical to the uniform tetrahedra algorithm.  We compute cut 

points and warp the background grid just as we did for the BCC lattice.  BCC tetrahedra 

that are either completely or partially inside the surface are “stuffed” with the stencils 

from the uniform algorithm.  Tetrahedra of the other three types are added directly to the 

final mesh (Figure 5). 

 



 
 

Figure 5.  Cutaway views of the graded tetrahedral mesh. 

 

 

Additional Meshes 

 

The following meshes were generated from other level set “cut” functions.  

Unfortunately, I encountered memory allocation issues while attempting to increase the 

tetrahedra resolution further than shown (to capture more detail about the surface).  This 

is primarily due to my implementation of the octree which I suspect can be optimized 

further.  I plan to fix this in an upcoming version. 

 



 

 

 
 

Figure 6.  Gear mesh with cutaway views. 

 

 
 

Figure 7.  Buddha mesh with cutaway views. 

 

 



Mesh Generation Times 

 

The authors report a total mesh generation time of a complex “angel” surface in 55 

seconds.  However, only 642 milliseconds were dedicated to actual mesh generation; 

nearly all the time was spent in the surface (signed distance function) evaluation code.  

This was performed on a Mac Pro with a 2.66 GHz Intel Xeon processor. 

 

My graded spherical mesh generated in 270 milliseconds, slightly faster than the uniform 

spherical mesh at 288 milliseconds.  The gear mesh generated in 547 milliseconds and 

the Buddha mesh generated in 184 milliseconds.  These mesh times are comparable to the 

reported times, and are only faster because the resolution of the mesh was much lower 

than the authors’.  I generated these meshes on a Sony Vaio with a 2.0 GHZ Intel Core 2 

Duo (T7200). 

 

 

Code 

 

The full C++/OpenGL code will be emailed separately. 
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